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Far the mvestigation of systems contaiming several complex species at equilibrivin, a
knowledge of the storchiometry of the complexes and of their degree of formation s
unportant It 1s necessary to determine the type of species exusting and to calculate therr
stability constants These two problems are closely interconnected Only 1n rare examples
of sumple equilibria 1s 1t posstble to charactenze the existence of different complexes,
using expennmental data which are not dependent on the stability constants On the other
hand, a ¢hermical mode! {(number and type of species which can be formed in the equilib-
num rmixture) 1s always needed for the calculation of the stability constants

The method commonly employed is to assume arbitrarily that the chemuical model 1s
known. This assumption 1s generally supported by the fact that the spectes taken into
constderation have sometimes been 1solated as sohd phases Alternatively, analogy with
apparently similar systems may be made. On the basis of this hypothesis, 1t 15 posstble to
calculate the formation constants using one of the computer methods, which are by now
widely applied Apart from some complications which may arise during the calculation
(non-convergence, negative values for some constants, etc ), one obtains, after some cycles,
the stability constants of the assumed spectes and their standard dewiations At this point
a statement 1s generally made about the agreement between experimental and calculated
data The fit may be poor, satisfactory or good These statements, however, are often
unfounded, since a sufficiently rigorous statistical basis 1s missing Should the agreement
be considered unsatisfactory, new species are introduced in the caleulation, in order to
obtam a better fit with the expenimental data. If a better agreement 1s found, the new
species are retained in subsequent calculation However, in this case also, sound statistical
arguments should show that the new hypothes:s s sigmficantly better than the preceding one

The present commumcation deals with a new procedure for investigating complex
formation equuibria and with the apphication of some statistical tests which are useful in
the chotce of the most probable chemical model for the system under constderation
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A CALCULATION O THE STABILITY CONSTANTS

The application of electronic computers to the determination of stabihity constants has
been recently reviewed ' The most commonly used procedures employ one of two mathe-
matical approaches, 5 e the Gauss—Newton least squares method? or the pit-mapping
method® In both cases, an observable variable quantity v, which 1s a function of the
equtlibrinn constants §,

¥ =B} {1
1s chosen, and the sum of the squares of the weighted residuals

U=2 O —pp Yy @)

k

1s mimmized with respect to §,, as adjustable parameters In eqn (2),}:2"5 represents the
result of the kth measurement of the quantity y, ¥§3¢ the corresponding value calculated
accordmng to egn (1) and wg the weght associated with the kth measurement

We have recently developed a new method for least squares refinement of stability
constants, which has been applied successfully to one metal—one lhigand systems in
dqueous selution, using pH-ttration data This method allows the srmultaneous determina-
uon of the formation constants ol all complexes present 1n solution, such as simple,
hydroxy and protonated species, both mono- and polynuclear

Each point on a titration curve represents an equilibrium state among N different
species of general formula H,M L, (for details on the symbolism, see ref 4) The concen-
tration of each species H, M, L, 1n the kth point 1s piven by

[Hqu Lr]){ = ﬁpqr [Hlf [M]g [LIE

where f§,,5,1s the formation constant of the species under constderation, and [H];. [M],
and [L]; are the concentrations of the hydrogen ion, of the free metal and of the {ree
ligand, respectively

The mass balance equations for the kth pomnt are

N .

Ti1=[Hlg + £ pgB,,, (HIP IMI7 [LY] )
=1
N

Tpa=[ME + i‘lﬁnqr [HI7 M7 [LIZ )
N

Trea= [Llp+ El By THIZ IMIF [L]L (5}
;=

where T 1. T; 5 and T ; are the aralytical concentrations of hydrogen ton, metal 1on and
hgand. respectively These equations are non-linear in the unknowns [M],, [L}; and Bpgr
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The value of [H]; is oblamed from the potentiometric measurcment

The number of equations, 1n a set of # points. is 3n, and the number of unknowns 1s
2n + m, where 1 15 the nuntber of formation constants to be determtned. The degree of
freedom of the system s thenn — m

In the present niethod, the error square sum

y 3 al b
U= T El (Te5° — T

=1y

1s minimuzed with respect to the parameters [MI. [LIg and B,,4- by the Newton-Raphson
least squares method * The residuals of the mass batance equatons. esttmated by consider-
ing random errors in the analytical concentrations of the reactants, are all of the same
order and are far greater than those from experimental potentiometrnic data For ths
reason, the use of equal weights 1s satisfactory The corrections of the unknown param-
eters, obtamed from a least squares cycle, are multiplied by a factor such that the decrease
of &/ 1s maximum for that cycle  The iterative procedure 15 continued, using the new ap-
proximation of the parameters, until all the shifts are less than a pre-established fraction

of the values of lhe parameters to be refined

The present method differs from those previously described * ? because

{1} the concentrations of frec metal 1on and frce ligand for each point are considered as
mndependent vartables, at the same level as the stability constiants In the other refinements
only the stabitity constants are treated as adjustable parameters, while [M}; and [L]; are
calcutated by sitmultaneous solution of mass balance equations (4) and (5).

(11) the Newton — Raphson least squares method s employed, and 1t has been found
more efficient than the conventional Gauss — Newton methed When a situation of non-
convergence occurs (for example, due to poor estumnation of the starting values of qur):‘
the refinement procedure continues, for a4 pre-established number of cycles, using the
steepest deseent method 7, and

{ur) the calculated shifts of the parameters are optinuzed a stmtlar procedure has
recenily been apphed successfully to the calculation of wibrational force constants ®

We have obtained satisfactory results for all the systems mve-tigated so far witl a high
rate of convergence, even 1f the starting values were estimated woughly Furthermore.
ustng this method, the calculated residuals follow a nearly normal distnbution with a
meean value close to zero This allows us to make statistical decistons about the goodness of
the fit and to check whether the chenncal model adopted for the calculation of constants
15 a good representation of the data

B TESTS O SIGNITICANCL

As a measure of the agreement between experimental and caleulated data and by 1he
analogy with (rystallographic calculations, we can take the well known R factor
defined as
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/3:: Ie bey 2
T (j;C.l [ f;o b)- w,
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3n b
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where 7,°®* are the experimental quantittes T 4, Ty, 5 and T 3 (defined in the preceding
section), j;"'ﬂ[‘“ the corresponding values calculated according to eqns (3)—(5), and w, the
weighis assigned to each mass balance equation We can define another quantity

I 3

where ¢, 1s the residual in the ith equation calculated from pessimistic estimates of the
errors m all the expertmental quanhittes and usmg the usual rules for propagation of error
This quantrty can be regarded as a significance linnt for the function R and, as a conse-

quence, tf
R<R,m

we shall be walling to accept the hypothesis that the fit of the data is sanisfactory if. an
the contrary, the computed value of the R factor, after the refinement of the stabdity
constants, ¢xcveds Ry, the agreement shall be considered not satisfactory and other
hypotheses about the chemrcal model should be tried

For different hypotheses concerning the number and the type of the species formed
in the complex chenucal equilibnum, different values of R will be obtained. Using these
values. the R factor ratio test ¥ (otherwise called the Hamilton test) can be performed
Let us assume that the minimum value of the R factor, Ry, has been reached for the
hypothesis Hy An alternative hypothesis, H,, which led to a value of R factor R,, can be
rejected at the a sigmificance level, if

R,

}B > Rp.n—- Do
where p 1s the number of unknown parameters refined and »# — p 15 the number of degrees
of freedom of the least squares adjustment A table of significant values of R for different
values of p, n—p and o has been reported mn ref 9 I n— p s large, this quantity may also
be calculated according to

R -/ Xes
pR-p H—-p
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C RISULTS

The foliowing examples wilf help tollustrate the practical application of the procedure
described above

{1} Copperfil} + Mestctren

Metetren 1s a pentadentate ligand, of formula

CH; CH; CHs

H,C_ | | [ _CH,
SN—CH, ~CH, —N—CH; —CH, —N—CH; —CH, —N—CH; —CH, —N__

H,C CH;

which forms a number of complexes with the copper(II) 1on Thus system was the subject
of a previous mnvestigation '? and the chemical model adopted on that occaston 1s shown
in the schematic reaction diagram

Cu(H;Meqtetren )™ = Cu(HMe,tetren}** - CufMetetren)* = Cu(OH)(Me, tetreny

The values of the logarithins of the farmatron constants obtamed using this chemical
ntodel (hypothesis Hy ) are reported in Table 1 The R factor is well below the value of
Rj,m and so we can be confident that the postulated model 1s a good representation of the
expertmental data Other trials have been performed (hypotheses H,, H; and H3). assum-
g that one or two of the postulated comnplexes would not be present The values of R
which we have obramed are all Ingher than both Ry and Ry,,, Furthermare, in the most
favorable case, the ratio R3 /R4 (about 12} ts greater than the Hanutlton test value at the

0 05 sipmficance level, R;14 101 0 0s = 1 862 At thisievel 1t 1s reasonable ta reject all the
alternative hypatheses and to conclude that the chenucal model assumed 1s most probably
tirie best solution of the compiex {ormation equilibrium These results can be shown more
cleariy mn Fig 1, where the corresponding R factor diagram has been reported Hg is con-
sidered to be the umque solution of our system

(1] Copper(I1} + NNN'N'-tetramethiyletiivlenedianme

The camplex formation equilibrium m aqueous solution between . 12 copper{(II})1an
and NNN'A-tetramethylethytenediamine (Megen) has recently been mvestigated '
Several hypotheses about the chermical model for this system have been put forward,
considering the possible formation of numerous complex species The best fit of expen-
metal data was obtained assuming that the followmg six complexes were present in the
equiibrium mixture. viz Cu{Megen)® Cu(OH)Mesen)* Cu, (OH),(Mesen}®,
Cu,(OH);{Mesen )", Cus{OH)s(Megen)a" and Cu{OH) (Meqen)

The value of the R factor calculated for such a hypothesis (R = 0 00141) 15 well below
the estimated value of Ry, 000350 As shown in Fig. 2. five ather trials on different
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I 1 R factor diagram for the system copper{il) — Me, fetren

chemrcal models led to R factors lower than R;,;, Furthermore, the value of the
Hamilton ratio for this system, 12303,14 5.0 05,15 equal to 1 848 and, using the Hamilton
test. none of the five alternative hypotheses may be rejected From the mathematical
point of view, H;, 15 the best solution, from the statistical point of view, there 15 no symi-
ficant difference among ail these hypotheses As a consequence, the choice of the chems-
cal model for this system is 2 matter of personal judgment.
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B CONCLU

SION

The vatues of the Hamlton test calculated for this type of systeny range between 1 8
and 2 0 These are tather high values, because, on this basis, hypotheses are to be rejected
only if the corresponding R factors are at least twice Rq, and, as a consequence, non-unique
solufions may often occur Thus s due to the fact that the number of degrees of freedom
of the systeni is much tower than the number of parameters. The least squares adjustment
15 not 50 overdefermimed as would somenmes be necessary. The availabihty of other types
of addittonal expernnental mformation, such as measured values of the concentration of
the free metal won and/or the free ligand. would surely be of help i these particular

sttuations
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